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COMPUTATIONAL METHODS FOR THE SIMULATION OF
NONCONVEX VARIATIONAL PROBLEMS WITH
APPLICATIONS TO SMART MATERIAL

ABSTRACT

An interdisciplinary research group in modeling, analysis and simulation was -

established at Florida A&M University (FAMU).This group set as its scientific
goal the development of robust computational algorithms that are well suited for
nonconvex variational principles, and other nonlinear problems that arise in the
study of highly nonlinear materials. The equally important second goal of the
group was to enhance the participation of under-represented minorities in applied
disciplines connected to emerging technologies that are important to the Air Force
Office of Scientific Research. Mechanisms used for meeting these goals include
the strengthening of the infrastructure for research at FAMU, strengthening of
the existing relationship between AFOSR and FAMU, and enhancing the existing
relationship between FAMU, Carnegie Mellon University, University of Minnesota,
and North Carolina University. This report describes the background and overall
research goals of this project, and delineates the accomplishments made thus far.
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1. Introduction

Florida A&M University has established an interdisciplinary group in modeling,
analysis, and simulation. The main scientific goal of this group is the develop-
ment of robust computational algorithms for nonconvex variational principles,
and other nonlinear problems that arise in the study of highly nonlinear materi-
als. This group was composed of James C. Turner Jr. and Yanzhao Cao from the
Department of Mathematics at Florida A&M University, and consultants Richard
James (University of Minnesota), David Kinderlehrer (Carnegie Mellon Univer-
sity), Mitchell Luskin (University of Minnesota), and Gregory Forest (University
of North Carolina).

An additional goal for Florida A&M University (FAMU) was the establishment
of a Center for Computational Science (CCS). The aim of this Center was to pro-
vide world-class education and research in areas that are essential to the nation’s
scientific progress and economic competitiveness. The mission of the Center is to
strive for a productive education and research environment, with innovative edu-
cational teaching techniques, effective use of state-of-the-art technology, seminars,
visitors, conferences, and publications as its visible signs of success. It was pro-
posed that the CCS become the primary location of activities supported by this
grant. Funding from this grant was instrumental in developing an infrastructure
for research, where there is

e release time for research faculty;

e summer research activities;

up-to-date computing facilities;

visiting scholars’;

support for undergraduate students.




2. Scientific Program

2.1. Optimization and Control Strategies in Fiber Manufacturing

The primary objective of this research is to merge novel methods for control
of polymer extrusions with focused fiber manufacturing issues. The secondary
objective is to develop finite element algorithms that solve specific model equa-
tions. When combined with experiments these algorithms yield fundamental re-
lationships between material properties of industrial fluids (agricultural sprays or
polymeric liquids) and measurable flow length scales found in laboratory experi-
ments. Each of these objectives involves the development and application of new
mathematical and numerical methods for problems defined by the industrial and
manufacturing community.

In ploymer extrusion processes, one is often interested in maintaining a quasi-
uniform temperature, so as to reduce material (extrusion product) inhomogeneity,
throughout the extrudate cooling process. As a preliminary step we have studied
the following simplified case: seek a uniform temperature distribution at the exit
under a steady state condition. To achieve a uniform temperature distribution at
the exit we adjusted the heat flux on the surface of the pipe near the exit.

The extrudate in question is assumed to be a viscoelastic fluid of the Oldroyd
type, e.g., polymer melts with a fast relaxation mode. Here u denotes the velocity
field, p the pressure field, T’ the temperature field, and 7 the purely elastic part
of the extra stress. Also, D =1(Vu — VuT), W = 3(Vu+ Vu’) and D, 7 =
(u-V)r +7W — Wt — a(D7 + 7D), where —1 < a < 1. Next, let Re, We
and w be the Reynolds number, Weissenberg number and retardation parameter,
respectively. With these definitions the governing equations for an Oldroyd type
fluid, in dimensionless form, is given by the Navier-Stokes equations

Re(u-V)u+Vp=(1-w)Au+divr +f, in Q, (2.1)
the incompressibility constraint
divu=0 in Q, (2.2)
the constitutive equation (Oldroyd Model)
T+ WeD,r=2wD in Q, (2.3)
the boundary condition (for this preliminary study)
u=h onT, (24)
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the energy equation
—kVT+(u-V)T=Q+2u(Vu+Vu®) : (Vu+VuT) in Q, (25

and with additional boundary conditions

T =0 onTp (2.6)
or

% = HN OfLFN UFO’ (27)
%:g =g on I'¢. (2.8)

In this setting the data functions f, Q, Hy, and h are assumed known; the control
g is to be determined so that hot spots are avoided. The constants x and u depend
on the thermal conductivity coefficient, density, specific heat at constant volume,
and viscosity coefficient of the fluid. We assumed that buoyancy effects can be
neglected, and thus the temperature variable does not appear in (2.1).

Two means of obtaining a uniform temperature distribution have been con-
sidered. The first involves making the gradient of the temperature along the
boundary I'y small. Thus, for example, given a velocity field u, we would seek a
temperature field 7" and control field g such that the functional

@

M(T.g)=3

/ |V,T|? dT + %‘5 lg|®> dr (2.9)
To Te

is minimized, of course, subject to the constraints imposed by the flow equations
(2.1) — (2.5). Here, V, denotes the surface gradient operator, e.g., in %2, the
tangential derivative operator 9/9,. The non-negative parameters o and é can be
used to change the relative importance of the two terms appearing in the definition
of M. These constants may also be used as penalty parameters. The appearance
of the control g in the definition of M is necessary because we are not imposing
a prior: limits on the size of this control. The minimization of (2.9) results in a
quasi-uniform temperature distribution along the boundary segment I'y. This is
a result of the fact that surface derivatives of the temperature are forced to be
small. Another means of achieving the desired result is to try to directly force
the temperature field itself to be quasi-uniform. In this setting, given a velocity
field u, we would seek a temperature field 7' and a control field g such that the
functional 1 5

K

S(T,g)zg A T — Ty dr + = i lg|* dr (2.10)
0 C




is minimized subject to (2.1) — (2.8), where Ty is some desired temperature dis-
tribution, e.g., a quantity close to the average temperature along I'c for the un-
controlled system. Once again the non-negative parameters v and § can be used
to change the relative importance of the two terms appearing in the definition of
3 as well as to act a penalty parameters.

2.1.1. The Optimization Problem, Existence of Solutions, An Optimal-
ity System _

Here we give a precise statement of the optimization problem and results obtained.
We first note that (2.1)-(2.4) uncouples from (2.5)-(2.8). We may solve for (u, p7)
from (2.1)-(2.4) once and for all and then substitute them into (2.5)-(2.8). Thus,
the only state variable is 7', i.e., the temperature field, and the only boundary
control variable is g. The state and control variables are constrained to satisfy
the system (2.5)-(2.8), which are recasted into the following weak form: find
TecHLQ)={Se€ H'(Q): S=0 on Tp } such that

ka(T,8)+c(u,T,S)=(Q,8)+x (g ), +xMHnS), VSE HL(Q), (2-.11)

where

Q=Q+2u (Vu + (Vu)T) : (Vu + (Vu)T) )

For each possible control function g, we have established the existence of a
unique corresponding state function T'.

Lemma 2.1. Forevery g € L?(I'c, ), there exists a unique T' € H}, () such that
(2.11) is satisfied. Moreover,

1Tl + [Tl < € (Igllore + 1Rl + Exlor,, ) -
The admissibility set is defined by

U = {(T,g) € H} (Q) x L*(T¢) : S(T,g) < oo, (2.11)is satisfied} .

Then, (T, g) € U,, is call an optimal solution if there exists € > 0 such that

(1.9) <S(Toe)  V(T,8) € U




satisfying
|7 =7 +le—&llor <.
Making use of the Lemma, we obtained existence and uniqueness of optimal
solutions. We also obtained the optimality condition
1
g= _5§|FC (212)
where ® is the solution of the adjoint state equation
1
ka(R,®)+c (u,R,P)— 3 (R, T —Ta)r, =0 VR € H}, (Q). (2.13)

Elimination g from (2.11) and combining with (2.13), we obtain the optimality
system
ka(T,5)+c(WT,S)+ (@ 5)r; =(Q.5) +r (Hy, Sy VY 5 € Hy(Q),
(2.14)
and

ka(R,®)+c(u,R,®)— %(R,T —T)r, =0 YV Re Hp(Q). (2.15)

Thus, the optimal state, i.e., the temperature distribution 7', can be found by
solving the coupled system (2.14)-(2.15), which also provides the optimal co-state
®. The optimal control g can then be deduced from (2.12).

2.1.2. Finite Element Approximation, Error Estimates, and Iterative
Methods

Next, we constructed a finite element algorithm for determining approximations of

the optimality system (2.14) — (2.15) as follows: seek T" € W" and ®" € W" such

that

ka (T, S*)+c (u, Th,sh)+§(q>h,sh)ro = (Q, 8" +x (Hy,S")r, V SheW"
(2.16)

and

ka (R, ®") +c(u, R", ®") - %(R”,T” —T)r, =0 V RPewh. (2.17)

Although the optimality system is linear, the coupling of u and @ makes the
derivation of the error estimates nontrivial. To obtain our error estimates we
applied the Brezzi-Rappaz-Raviart theory.
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Theorem 2.2. Let (T,®) and (T*,®") be the solutions of (2.14)-(2.15), and
(2.16)-(2.17), respectively. Assume that T, & € H™(Q) N Hp(Q) for some
1 < m < k; also that the approximation property

inf ||S— S|, < CA™ |5]lnss VSe Hp(Q) and0<m <k (2.18)

Shewh
holds. Then,
11
7 =71~ 8], <Cma{ 321 L (1@l + Bl inaya + W)

(2.19)
where C' is independent of h,6,~,T, and ®.

An iterative algorithm for solving (2.14)-(2.15) is defined as follows:
choose ®©@;
for n = 1,2, ..., solve, for T,

ka (T™,S)+c(u,T™,S) = _g(w—n—, Nre+(Q,8)+x (Hn,S)ry ¥V S € HH(Q);
then solve, for ®™,
ka (R, &™) +c(u,R,&M) = %(R, T™ —T)r, ¥ RE Hb(Q).
The convergence of this algorithm was obtained by observing that it is effec-
tively a gradient method for the following minimization problem: find g € L*(I'c)

such that x(g) = S(T'(g), ) is minimized where T(g) € Hp(2) is defined as the
solution of (2.11).




2.1.3. Computational Techniques

Computational results have been obtained using the most powerful computational
technique developed thus far, and making effective use of high-performance com-
puter technology. In particular, computational results for a model with an Ol-
droyd type fluid have been obtained, demonstrating the effectiveness of the theory
and code as well as their potential applicability to problems of interest to the Air
Force Office of Scientific Research.

We end this section by presenting computational examples considered. Let
Q be the unit square (0,1) x (0,1). Let I = Tec|UTpUT'~nUT o be as shown in
figure 1.

v

Figure 1. Computational domain




The finite element spaces W" are chosen to be piecewise linear elements on a
triangular mesh. All the numerical results make use of the following parameters
and data:

parameters: k=1/0.73; Re=1 w=1/2

boundary data: T =1 on I'p; Z_Zz: =0 on FNUFO;

heat source : Q= —57% (97r2 cos(3mx) cos?(my) — 4x? sinz(-gnx) cos(27ry))

1
+(1 - yz)_g_ﬂ sin(3mz) cos®(my);

volcity profile: u=(1—1%0),

elastic extra stress profile: 7 = ( 0 - y ) ,
-y —4y

pressure profile: p=4(1—1%) —=z.

In the functional (2.10) we choose

T = 3.5.




For the data given above, the exact solution of the uncontrolled problem, i.e.,
for

%=0 on rc,

is given by T = 5sin’(3nz) cos?(my) + 1.
We compare the temperature distribution in the uncontrolled case with the
optimal temperature distribution in the controlled case for which

g—: =g onlg,

where g is the control such that the functional (2.10) is minimized. Approxima-
tions to the optimal state and co-state are computed form (2.14)-(2.15); the ap-
proximate optimal control g" is then obtained from (2.12), i.e., g* = —(1/8)®|r., .
All of the computational results shown below were obtained with the use of mesh
size h = %. Of course, calculations with varying mesh sizes were performed. Since
these merely verified the errors estimates, we do not report on them here.

Specifically, figures 2-4 deal with the following cases:

2. Exact, uncontrolled temperature contours and; Optimal temperature;

=

Figure 2. Temperature contours: uncontroled and controled.
Optimal boundary control on I'.

(Tc is the top boundary segment.)
(To is the right boundary segment.)
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3. Exact, uncontrolled temperature surfaces and; Optimal temperature;
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4. Optimal boundary control.

0.00
-3.13 S
-6.25 A
-9.38 -1

-12.51 A .

-15.63 A

-18-76 3 1} ] i ] 1
0.00 0.17 0.33 0.50 0.67 0.83 1.00

Figure 4. Optimal boundary control on I'c.
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2.2. Simulation of Magnetoelastic Interactions

Terfenol-D, which is Th, Dy,_, Fes, x & 0.3,is a magnetoelastic material ex-
hibiting a complicated microstructure that responds easily and dramatically to
an applied magnetic field. It has the largest known magnetoelastic coupling, with
huge magetostriction and small magnetomechanical losses, giving it extraordi-
nary promise for use as an actuator and sensor material. Its microstructure or
fine scale morphology has a clear role in its macroscopic behavior. Two issues
are paramount. First, the presence of several stable variants at a given temper-
ature reflects a complicated potential well structure for the free energy of the
material. Second, the presence of spatially oscillatory behavior at the small scale
suggests competition between the free energy of the material and loading or other
environmental effects. Both of these features represent highly nonlinear processes.

For large specimens, such as those encountered in usual actuator applications,
the presence of complicated domain structures has hindered the usefulness of
theories which seek to incorporate elastic effects. A theory of magnetostriction
which is micromagnetic in nature has been developed by consultants Richard
James and David Kinderlehrer. The focus is on the precise specification of the
potential wells of the anisotropy energy. There are many parallels between shape-
memory and giant magnetostrictive behavior. A key difference is that shape
memory materials undergo a first order transition resulting in 2-15% strain while
Terfenol suffers a second order transition with only .25% strain.

By advancing and implementing analytical methods it has been shown that the
theory of magnetostriction successfully predicts the equilibrium microstructures
observed in Terfenol-D. The theory furthermore suggests a mechanism for the
giant magnetostriction related to exchange of stability of the variants within a
laminate or among laminate systems on which a magnetic field has been applied.

To understand this phenomenon more completely, in particular away from
equilibrium, the interdisciplinary group has established a broad program com-
posed of experiment, theory, and simulation.

2.2.1. Simulation Program

The energy of the magnetoelastic systems is described in terms of a free energy
of the form

E(y,m H) = /Q (W (Vy(z), m(y(2),z) — H-m(y)) det Vy(z)} de + /Rs Vul? do
(2.20)
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|det Vy(z)m| = 1 in Q@ and Au=div(my,q) in R,

where y(z) is the elastic deformation , @ C %3 is a reference domain, m(y) the
magnetization , and H the applied magnetic field. The second equation in (2.20)
represents the magnetostatic equations from Maxwell’s Theory. Since we are
dealing with a large body approximation, exchange energy is ignored. The stored
energy density W (A, m, z) is highly nonconvex and gives rise to a functional which
is not lower semicontinuous.

The simulation program started with the simulation of hysteretic behavior in
two dimensions for

E(H,m) = /(¢(m,m) -—H.m)dzx+ %/ |Vu|® de (2.21)
Q %3
Au = divmyg nR2  |m|=1 inQ. (2.22)

where an applied field is introduced in the system and cycled through a range of
values.

Using methods of nonlinear analysis computational results and diagnostics
have been explored. Since the energy picture is mesh independent, computing on
a fairly coarse grid suffices to establish its character. Kinderlehrer and Ma deter-
mined analytically the hysteresis loop. For a magnetic system, this analysis rests
on the introduction of a shadow energy for a simplified version of the system.
It is believed that this simplified version may suggest possible dispersive inter-
actions which may be attributed to a shape-memory or pseudoelastic body. It
was observed that the simulation displays a modified Stoner-Wohlfarth scenario.
This means that the system evolves through stable/metastable/unstable/stable
regimes. By modeling the nature of the instability one is able to determine the
critical field event.

These collaborators than modified the simulation to include magnetoelastic
effects, in the context of linear elasticity. The linear elastic magnetostrictive
energy has the form

¢(6’ a) = ¢elastic(€) + ¢em(€7 a) + ¢an(a)
g = %(Vu+VuT) , m=Ma, |of=1,

where

14




1 1
¢elastic(€) = 5 Z 5?1- + 012(811822 + E99€33 + 833611) + 5044(6%2 + 533 + 6%3),
¢em(‘€7 a) = botl‘ £+ b1 Zeiiaf + bg(sualaz + E930ak3 + 8130103),
$anl@) = K) of.

A two dimensional model was obtained by projecting onto the (0 — 11) plane,
making the assumption that ¢, ;. is isotropic, and changing coordinates so that
(=211) is z; and (111) is 9. In this setting

¢+(87 a) = ¢dastic(8) + ¢em(8’ a) + ¢’an(a)

with

1
¢elast‘ic(s) = #Zg?j + 5)‘(131‘ E)Za u> 07 A> 0,
$in(es@) = blen —yen)((a1)’ —yonas) — b Y _ eyaiay,

:n(a) = ""'((CYI)2 - ’Yalaz)z, k> 0.

Here v = 21/2, b < 0, b > 0, with b approximately equal to —bs, and b is roughly
b; — by. To calculate the magnetostriction in the original (—211) direction, now
the (1,0) direction, one must first compute the average of ¢ and then apply the
formula. Thus, one has

Z €ijﬂi)3j =511 .

Unfortunately, the above simulations do not give satisfying results, i.e., the
energies described above do a poor job of resolving the microstructure. The
challenge facing the FAMU group was to develop a better simulation.

2.2.2. Computational Techniques and Code Development

The global infimum of the energies described in section 2 are not attained. How-
ever, it is assumed that the underlying physical microstructure can be represented
by suitable minimizing sequences. In order to develop a computer simulation
which can provide us with an efficient and effective selection principle for such

15




minimizing sequences, our strategy is to employ the most powerful computational
techniques developed thus far, develop new ideas and make effective use of high-
performance computer technology. Thus, we have simultaneously been working
on two different approaches: (i) a global minimization method based on the idea
of simulated annealing; and (ii) a study of the minimization of a relaxed problem
where generalized solutions in terms of Young measures for the original noncon-
vex problem are approximated. Both of these approaches must somehow address
the following challenging problem: loss of uniqueness of global minimum, the
emergence of abundant local minimum or even saddle points.

A state-of-the-art computer model, developed by Carnegie Mellon researchers,
that can simulate unconstrained minimization of the angular variable and the
displacement for linear magnetostriction has been developed. The hysteresis dia-
gram is computed using a continuation of solutions with respect to increasing and
decreasing the applied magnetic field along the z;-axis. Work is currently under
way to extend this code to nonlinear magnetostriction.

Educational activities in this area of research included the training of a large
number of minority undergraduate and graduate students. We have also offered a
special lecture series on modeling and simulation of problems arising in the study
of materials science. Also, special discussion groups were held. These activities
brought some of the researchers and their research into the classroom.

2.3. Controllability for Parabolic Equations

In many problems of interest to materials science and engineering there arises the
need of controllability for parabolic equations. The purpose of this research was to
investigate exact controllability problems for systems modeled by linear parabolic
differential equations. Our aim of investigation has been to examine the limit
behavior of the corresponding optimal control problem. Using this technique we
obtained a new condition on the exact controllability of the system.

We now give a statement of the problem. Let Q be a bounded domain in R
For fixed T, let @ = [0,T] x Q and ¥ = (0,T") x 0. Let A be a second order
elliptic differential operator defined by

d
A=-3 2 ( ) 5o (t,x>) +e(®)y. (2.23)

i,j=1

We assume that ¢ > 0 on Q and that the matrix (a; ; (x))is symmetric and positive
definite.
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With these definitions, we have studied the following initial boundary value
problem

9y _ .
Bt +Aly) = 0 n Q,
% = u(t,x) on X,
(y(x,0) = w(x) inQ, (2.24)

where

Z Qi ”1

4,j=1

with n; being the i** component of the outward unit normal to 0Q. We say that
the system is ezactly controllable for a given state § if there exists u € L? (Z) such
that the solution y of problem (2.23 ) also satisfies

y(T’ ) = ?j()
Next, we define the cost functional J. by

7w) = 3 [Tx0) — 960)° dxt / W (t, %) dxdt,
Y]

=

where y = y(t, z;u) satisfies (2.24). u(¢,z) is said to be an optimal control if
it satisfies

Je(ue) = mZi('m Je(u).

Our weak formulation of problem (2.24) takes the form
Oy 1
'8—57‘25 +a‘(y,¢) = <u7¢> fOI‘d) €H (Q)a

y(0,x) = yo(x), (2.25)

where the bilinear form a : H' () x H! () — R is given by

a(p, ) / {Z Qi j (x) 8¢ % + c(x)(mp} dx.
!

7.7—
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where A, B, U, and V are the appropriately chosen admissible sets.

Remark 1. State equations (2.26) and (2.27) are given in an abstract form
that may represent partial differential equations or more general functional rela-
tions. However, we shall always take them to represent partial differential equa-
tions. These equations are also written in strong form. In order to place them
in an abstract weak formulation, let W denote a normed space of test functions
w(x) = (wy, wy), where

1 1

€ (LA, wel@) ad _+_=I

with 1 < p < 00, and 1 < q < co. We define the operator h(w,u,v) : W — R by
h(w) = / fo(w,u(z), M(z,u))w; d:c+/g0(w, (K(&,v))(z),v(z))ws du
Q r

where fyw; and gows denote inner products in ®" and §er, respectively. Instead
of state equations (2.26) and (2.27) we may consider a single state equation in the
weak form

i(w) = h(w),

where the operator [ replaces both operators L and I.
Thus, when considering control strategies, we are interested in the problem of
minimizing functionals of the form

S(w,u,v) = /Q Fw,u(z), M(z,u))dz + / oz, (K(&v))(@),0(@)) du (2.30)

with state equation (in weak form)

l(w)=h(w) forallweW, (2.31)

and constraints
M(z,u) € A, u(z)eU ae inQ, (2.32)
K(z,u) € B, u(z)eV  pu—ae. ondf. (2.33)
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Remark 2. Of particular interest is the case where the element w of an
admissible triple (w,u,v) uniquely determines the controls u and v.
Remark 3. In practice one may define the control set U by

U={ueLP0,T]: |ul, <M} (2.34)
for M > 0.

Control Strategy 1. A special case of the above abstract optimal control
problems is: How do we choose a control function g , so that a crystal interface
will approximate a prescribed desired profile?

Let Q be a region, occupied by the crystal. Then, a mathematical description
of this control problem proceeds as follows. If C(z,t) is a positive continuous
function, and v¥(¢) is a continuous positive function for 0 < ¢t < T. Then, a
possible cost functional may be one of the form

S(u,g) = J(u) + / Vgl d, (2.35)
% Jr

in which some desired optimization objective J(u) is considered in conjunction
with the cost of applying the required control g, i.e., the norm of g. Here V, is
the surface gradient operator on the interface I" and § is a fixed, sufficiently small
parameter. The desired optimization objective J(u) that one could consider is
the tracking functional for the interface. This functional, with its domain being
the interface, has the form

ﬂ@:Awammw-cmmmﬂ (2.36)

Where A is a suitable positive constant, which reflects the different needs of each
control strategy.

We wish to minimize $(u) subject to some appropriate state equations and
boundary conditions.

Control Strategy 2.

In free-boundary problems one must use adaptive meshing that tracks the
interface motion. The difficulty is that these schemes may not be able to han-
dle topological changes without user intervention. This in turn makes real-time
control inconvenient during the simulation. Berg, Yezzi, and Tannenbaum have
explored an alternative approach [10]. In their approach one begins by writing
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down the equations of motion of the evolving interface directly. In two dimensions,
these are the equations of curve evolution. In this setting the moving interface
is described by a family of parameterized curves, C : [0,1] x [0,£;] — %2. The
evolution of the curve describing the interface is governed by

%-tq = o(s, )T + B(s,)N (2.37)
where s parametrizes the curve, N is the normal vector, T is the tangent vector,
and a and B are velocity functions. Currently we are only considering the shape
of the interface, thus we may take a = 0. Note that changing o only changes the
curve’s parametrization, and not its shape. In addition, if we assume that the
motion of the curve is determined solely by the local geometry of the curve, then

ac
5 =B8N (2.38)

where «(s,?) is the curvature.

There are several difficulties that one may encounter when seeking numerical
solutions of curve evolution problems. For example, if curvature terms are absent
or small, the solution will typically develop corners or shocks, even if the initial
data is smooth. Osher and Sethian [11-13], and their coworkers, have developed a
series of algorithms that successfully address many of the problems encountered
in curve evolution problems. These algorithms employ a level set representation
of the interface, and are the foundation of the numerical approach developed by
Berg, Yessi, and Tannenbaum [14].

The idea of applying the theory of curve evolution for modeling crystal evolu-
tion has been considered by Srinivasan, et al. [15]. Similar real-time interface esti-
mation and control techniques have been developed for reactive etching processes
by a number of authors. For example, Shagfeh and Jurgensen [16], and Singh, et
al. [17] have done pioneering work in this area. Adalsteinsson and Sethian build
and greatly extended these techniques to a novel approach for modeling etching,
deposition, and lithography fabrication processes [ 13,18].

It is our intension to explore the possible use of these algorithms for tracking
the evolution of the crystal interfaces. The focus of our study has been the
development of techniques that directly control the evolving features of the crystal
interfaces. This is a challenging task, however the potential benefits are large. The
level set techniques show potential for real-time control.
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2.4. Controllability for Parabolic Equations

In many problems of interest to materials science and engineering there arises the
need of controllability for parabolic equations. The purpose of this research was to
investigate exact controllability problems for systems modeled by linear parabolic
differential equations. Our aim of investigation has been to examine the limit
behavior of the corresponding optimal control problem. Using this technique we
obtained a new condition on the exact controllability of the system.

We now give a statement of the problem. Let Q2 be a bounded domain in R%.
For fixed T, let @ = [0,T] x Q and ¥ = (0,T) x 0. Let A be a second order
elliptic differential operator defined by

d

A ==Y 5 (a0 5L €20 +ey (239)

=1
We assume that ¢ > 0 on €2 and that the matrix (a; ; (x))is symmetric and positive

definite.

With these definitions, we have studied the following initial boundary value
problem

Oy _ .
oy
= u(t,x) on %,
(y(x,0) = wy(x) n Q, (2.40)
where
0 & 8

Y Z ai,jnia—wj

i,5=1
with n; being the i** component of the outward unit normal to 8. We say that
the system is ezactly controllable for a given state  if there exists u € L2 (X) such
that the solution y of problem (2.39 ) also satisfies

Next, we define the cost functional J. by
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()= L [T % u) - 600) dx+S [ w2(t,%) dxat,
29 22

where y = y(t, r; u) satisfies (2.40). u.(t, ) is said to be an optimal control if
it satisfies
Je(ue) = inf  Je(w).

ueL?(Q)

Our weak formulation of problem (2.40) takes the form

(%tg)¢)+a’(y)¢) = <u)¢> fOI‘¢EH1(Q),
y(0,x) = yo(x), (2.41)
where the bilinear form a : H () x H! () — R is given by
é 8
a(¢, ) = / {Z ai,j(x)a—f_aa_;p"‘ + C(X)W} dx.
Q 1,j=1 4 J

Our main results of this research has been obtained by using an operator
representation of the terminal state. That is, we define an operator R : L*(Q) —
L*() by

(e+R)(y(T) —9) =€ (g — E(T))

where E(t) is the solution operator for the problem

%w +A(w) = 0 onQ, (2.42)
‘;—Z =0 on %, (2.43)
w(0,x) = 2z(x) in Q, (2.44)

ie. w(t,x) = E(t)z(x).

The following properties of the operator R have been established: R is a
compact operator in L?(Q2); R is symmetric and semi-definite; if ¥ is analytic,
then ker R =0.
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Note that system (2.42) - (2.44) is said to be approzimately controllable if, for
any given § and § > 0, there exists a control u(t,x) and a function y(t,x) such
that (y(¢,x),u(t,x)) is a solution of (2.40) and

ly(T,%) — 9(x)I| < 6.

Approximate controllability is well known for linear parabolic differential equa-
tions. However, the proof that we were able to obtain is different from standard
proofs, in that it is constructive.

Finally, using properties of R we obtained the following result on exact con-
trollability of system (2.40).

Theorem 2.3. Let ({ej};il , {Aj};il) be the eigensystem of R.  If

9— E(T)y € D(R™),

then system (2.40) is exactly controllable.
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Temperature Control In Polymer Extrusion Processest

Max D. Gunzburger

L. Steven Hou

James C. Turner

Abstract. Awn optimization problem is formulated motivated by the desire to obtain uniform extrudate temperature at
the dic eait in a polymer extrusion process. Control is effected by adjustments to the heat flux along the surface of the pipe.
An optimality system of partial differential equations is derived from which optimal contruls and states may be determined.
Then, finite cdement discretizations of the optimality system are defined and error estimates are provided along with an efficient
solution algorithm for the discrete equations. Finally, computational results are given for a modecl example with Oldroyd type
fluid, demonstrating the effectiveness of our theory and method as well as their potential applicability to industrial problems.

1. Introduction

In polymer extrusion processes, one is often interested in maintaining a quasi-uniform temnperature, so
as Lo reduce material (extrusion product) inhomogeneity, throughout the extrudate cooling process. In this
paper, we will study the somewhat simplified case: one tries to obtain a uniform temperature distribution at
the exit under steady state situation. The means we use to achieve such a uniform temperature distribution
at the exit is to adjust the heat flux on the surface of the pipe near the exit. \

The extrudate in question will be assumed to be viscoelastic fluid of Oldroyd type such as polymer melts
with a fast relaxation mode [10]. Let u denote the velocity field, p the pressure field, T the temperature field
and 7 the purely elastic part of the extra stress. Let D = %(grad u+gradu?), W = %(grad u — grad u’)
and D,7 = (u-grad )7+ W — Wr—a(D7+7D) where —1 < a < 1. The parameters Re, We and w are the
Reynolds number, Weissenberg number and retardation parameter, respectively. The governing equations

for the Oldroyd type fluid, in dimensionless form, is given by the Navier-Stokes equations
Re(u -grad)u + gradp = (1 —w)Au+divr+f, inQ, (L.1)

the incommpressiblity constraint
divu=0 inQ. (1.2)




the constitutive equation (Oldroyd model)
r4+ WeD,r=2wD in$, (1.3)

and, for simplicity, the boundary condition
u=h onT, (1.4)

and also the energy equation

—k AT + (u-grad )T

15
=Q + 2pu(gradu+ gradu?) : (grad u + grad u?) inQ, (15)

with boundary conditions

T=0 onTp, (1.6)
éZ:HN onT'yUTo, (1.7)
on

oT

;=9 o0 Tc. (1.8)

The data functions f, §, Hy, and h are assumed known; the control g is to be determined so that hot spots
are avoided. The constants x and p depend on the thermal conductivity coefficient, density, specific heat
at constant volume, and viscosity coefficient of the fluid. See [11] for details. We assumed that buoyancy
effects can be negelected, and thus the temperature variable does not appear in (1.1).

Two means of obtaining a uniform temperature distribution come to mind. The first is to make the
gradient of the temperature along the boundary I', small. Thus, for example, given a velocity field u, we
would seek a temperature field T and a control field g such that the functional

o )
M(T,g):—z-/r |grau1,:r|2alr+-2—jP |gi? dT (1.9)
[o] C

is minimized subject, of course, to the constraints imposed by the flow equations (1.5)-(1.8). Here, grad,
denotes the surface gradient operator, e.g., in R2, the tangential derivative operator §/97. The non-negative
parameters o and § can be used to change the relative importance of the the two terms appearing in the
definition of M as well as to act as penalty parameters. The appearance of the control g in the definition of
J is necessary because we are not imposing any a priori limits on the size of this control. The minimization
of (1.9) results in a quasi-uniform temperature distribution along the boundary segment I', because the
surface derivatives of the temperature are forced to be small. Another means of achieving the desired result
is to try to directly force the temperature field itself to be quasi-uniform. Thus, now, given a velocity field

u, we would seek a temperature field T and a control field g such that the functional
1 2 Kb 2
J(Tg)=o [ IT-Taf*dT+— [ |g|*dl (1.10)
2y Jro 2 Jre

is minimized subject to (1.1)-(1.8), where Ty is some desired temperature distribution, e.g., something close
to the average temperature along I'c for the uncontrolled system. The non-negative parameters 7y and § can
be used to change the relative importance of the the two terms appearing in the definition of J as well as to
act as penalty parameters. As will be demonstrated by numerical examples in §6, a small v is more useful
in achieving quasi-uniform boundary temperature distributions, although it also reduces the accuracy of the
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approximate solution. We will examine the latter issue in §4. Numerical experiments show that both (1.9)
and (1.10) work effectively for the desired objective. We will focus our discussion on (1.10) thoroughout this
paper.

Under the realistic assumption that u-n =0 on I'c U Ty, we may prove the existence and uniqueness
of optimal solutions and derive an optimality system, i.e., a set of equations from which the optimal control
and state may be determined. Also, finite element methods are used to compute an approximate solution
of the optimality system. Optimal error estimates are derived and numerical examples are presented. We
have also developed an iterative algorithm to compute the approximate solution. The convergence of our
algorithm is proved and a comparison with the direct method is made.

Control problems for the fully coupled problem as well as temperature matching for the entire extrudate

will be addressed elsewhere.
We close this section by introducing some of the notation used in subsequent sections. Throughout, C

will denote a positive constant whose meaning and value changes with context. Also, H*(D),s € R, denotes
the standard Sobolev space of order s with respect to the set D, where D is either the flow domain €2, or its
boundary T, or part of that boundary. Of course, H 0(D) = L*(D). Dual spaces will be denoted by (-). of

particular interest will be the space
HL(Q)={SeH' Q) : S=0 onIp}.

Norms of functions belonging to H*(2), H*(T') and H*(T'c) are denoted by || - |s, | - lls,;c and || - ||s,res
respectively.

The inner product in L2(S) is denoted by (-,-), that in L%(T) by (-,-)r, that in L?(To) by (-,-)ro, and
that in L?(T'¢) by (-,)rc- Since, in general, we will use L2-spaces as pivot spaces, these notation will also
be employed to denote pairings between Sobolev spaces and their duals.

We will use the bilinear form

o(T, S) = /ngradT-gra,deQ VT,S € H'(Q)
and the trilinear form
c(un,T,S) = /n(u .gradT) SdQ VueH'(Q) and VT,S€ HY(Q).
These forms are continuous in the sense that there exist constants ¢, and ¢, > 0 such that
|a(T, 5)| < calTILHISIh VT, S € H'(Q) (1.11)

and

le(u, T, S)| < ellull1fiT|:ISlls Vue H!(Q) and VT,S€ HY(D). (1.12)

Moreover, we have the coercivity property
o(T,T) 2 Ca|ITI VT € Ho(9) (1.13)

for some constant C, > 0.
For details concerning the notation employed and the inequalities (1.11)-(1.13), one may consult, e.g.,

[1] and [7].




2. The Optimization Problem, Existence of Solutions, And Optimality System

We begin by giving a precise statement of the optimization problem we consider. We will assume the
domain Q is a polygon in R2. We first recall that (1.1)-(1.4) uncouples from (1.5)-(1.8). We may solve for
(u, pr) from (1.1)-(1.4) once and for all and then plug them into (1.5)-(1.8). Thus the only state variableis T,
i.e., the temperature field, and the only boundary control variable is g. The state and control variables are
constrained to satisfy the system (1.5)-(1.8), which we recast into the following weak form: find T € H}(Q)

such that
ka(T,S) + c(u,T,S) = (Q,5) + £(9,S)rc + 6 (Hn,S)ry VSE HL(9), (2.1)

where we have introduced the simplifying notation
Q = Q + 2u(gradu + grad u”) : (gradu + grad u?).

Note that since we seek T € H}(Q),
T=0 onTp. (2.2)

Throughout, we will assume that the given velocity field u is smooth and satisfies
divu=0 inQ and u-n>0 ae.onlcUTN. (2.3)
Under these assumptions, we have the useful relation
¢(u,S,S) = % /P (u-n)S?dC >0 VSeHYQ), (2.4)
which can be derived by setting T = S in the following integration by parts formula:
c¢(u,T,S) = /r(u -n)TSdl' — c(u,S,T).
For each possible control function g, there exists a unique corresponding state function T'.
Lemma 2.1- For every g € L%(T¢), there ezists a unique T € H} () such that (2.1) is satisfied. Moreover,

Tl + ITlo,re < Clllgllore +11Qllo + I HNlorx) - (2.5)8

The admissibility set U,q is defined by
Usa = {(T,9) € Hh(Q) x L}(T¢) : I(T, g) < 00, (2.1) is satisfied} . (2.6)
Then, (T', §) € Uaa is called an optimal solution if there exists € > 0 such that
J(T,8) < T(T,9) VY (T,9) € Usa satistying ||T — Tl + llg — gllor. < €. (27)
Based on the previous lemma, we can show the existence and uniqueness of optimal solutions.
Theorem 2.2— There ezists a unigue optimal solution (T, §) € Usa- |
Using techniques in e.g. [9] we may obtain the optimality condition
1
g=-7%Irc (28)
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where & is the solution of the adjoint state equation
xa(R,®) + c(u, R, ®) — % (RT-Ta)p,=0 YRE HL(R). (2.9)
Eliminating ¢ from (2.1) and combining with (2.9), we obtain the optimality system

xa(T,S) + c(u, T, S) + %(@,S)pc =(Q,8) + & (HNn,S)rx VS €HHR) (2.10)

and

1
xa(R,®) 4 c(u,R,®) - > (R,T-Ta)r. =0 VREHHQ). (2.11)
Thus, the optimal state, i.e., the temperature distribution T', can be found by solving the coupled system

(2.10)-(2.11), which also provides the optimal co-state ®. The optimal control g can then be deduced from
(2.8).

3. Finite Element Approximation, Error Estimates, and Iterative Methods

In the usual manner, one may construct finite element subspaces wh c Hy(Q) N C(Q) parametrized
by a parameter h that tends to zero. (In practice, h is, of course, related to a grid size.) We assume the

approximation property (see [3]): there exist an integer k and a constant C such that
oinf | IS = S*|ls < Ch™||Slims+1 VS € Hp(Q)and 0 <m < k. (3.1)

A finite element algorithm for determining approximations of the solution of the optimality system (2.9)-
(2.10) is then defined as follows: seek Th € W" and ®* € W" such that

ka(T", S*) + c(uw,T", S*) + %(@", 5Mre

3.2
=(Q, ")+« (HNn,S")ry VS*eW? (32)

and
ka(R*, ®") + c(u, R*, ®" 1 RMNT'-Ty),. =0 VRFeW". 3.3
v Fe

Although the optimality system is linear, the coupling of u and ® in the two equations make the
derivation of error estimates nontrivial. It turns out to be convenient to apply the Brezzi-Rappaz-Raviart

theory (see [2], [5], and [7]) to obtain error estimates.

Theorem 3.1- Let (T, ®) and (T*, ®") be the solutions of (2.9)-(2.10), and (3.2)-(3.3), respectively. Assume
that T, & € H™+1(Q) N H)(RQ) for some 1 < m < k; also assume that (3.1) holds. Then,

IT = T + | — @*[l
11

< Omax{ 3,21} (1Q-s + My mosya + I llvem-s2),

where C is independent of b, 6, v, T, and ®. | |

A simple iterative algorithm for solving (2.10)-(2.11) can be defined as follows:

choose @ ;




forn=1,2,..., solve for T(") from

% a(T™, S) + c(u, T™, 5)

(3.4)
= -3, S)r; +(Q,8) +x(Hn, S)rw V5 € HH();
then solve for (") from
x a(R, &™) + c(u, R, &™) = %(R, T _T)r. YReEHLQ). (3.5)

Of course, ultimately, this algorithm has to be carried out in a discretized version, such as one using a finite

element method.
The convergence of this algorithm can be proved as a result of the observation that it is effectively a

gradient method for the following minimization problem: find g € L*(T'c) such that K(g) := J(T(9),9) is
minimized where T(g) € H}(Q) is defined as the solution of (2.1).

Theorem 5.2 Let (T(?), &(")) be the solution of (3.4)-(3.5) and (T, D) the solution of (2.9)-(2.10). Then,
T T in HLH(Q) and &™) =& in HLH(Q) asn — co. |

4. Computational Examples

Let © C R? be the unit square (0,1) x (0,1). Let [ = Tc Ul'p ULy UTo be shown as in Figure 1.

k

Iy
Figure 1. Computational domain

The finite element spaces W are chosen to be piecewise linear elements on a triangular mesh. All the

numerical results make use of the following parameters and data:

parameters: k=1/073; Re=1; We=1; w=1/2;

boundary data: T=1 onTlp, =0 onTyuUTly;

9n

5«

heat source: Q= - 5

(9:1'2 cos(37z) cos?(ry) — 477 sin? (grz) cos(2‘:ry))
+(1- y"')-I%T- sin(37z) cos®(7y);
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velocity profile: u=(1-4,0),

elastic extra stress profile: r= (-oy _.:3;2) :

pressure profile: p=4(l-y)-=z.

In functional (1.10), we choose
Ta=35.

For the data given above, the exact solution of the uncontroled problem, i.e., for

-g—:- =0 onT¢,
is given by T = 5 sin?(37z) cos?(wy) + 1.
We compare the temperature distribution in the uncontroled case with the optimal temperature distri-
bution in the controled case for which
-‘Z—: =g onl¢,
where g is the control such that (1.10) is minimized. Approximations to the optimal state and co-state
are computed from (3.2)-(3.3); the approximate optimal control g is then obtained from (2.8), i.e., =
—(1/8)®*|rc. All of the computational results shown below were obtained with the use of a mesh size
h = -11—9-. Of course, calculations with varying mesh sizes were performed. Since these merely verified the
error estimates, we do not report on them here.
Specifically, Figures 2-4 deal with the following cases:
1. Exact, uncontroled temperature and; Optimal temperature;
2. Exact, uncontroled temperature and; Optimal temperature;

2. Optimal boundary control.

w

Figure 2. Temperature contours: uncontroled and controled.

iz

Optimal boundary control on [¢.
(T¢ is the top boundary segment.)
(To is the right boundary segment.)
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Figure 3. Temperature surfaces: uncontroled and controled.
(Tc is the top-right boundary segment.)
(To is the lower-right boundary segment.)
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Figure 4. Optimal boundary control on I'¢.
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1 Introduction

The purpose of this paper is to investigate the exact controllability problems for systems modeled
by linear parabolic differential equations. This problem has been studied extensively in the last
30 years. A very significant early contribution is due to Egorov ([2], [3]) Another early paper
is due to Gal’chuk ([9]). Many developments in the controllability theory of the linear parabolic
equations and hyperbolic equations are due to Fattorini and Russell ([4], [5], [19], [20]). Using
a harmonic analysis method, they obtained results such as approximate controllability and
conditions on ¢ for the exact controllability of systems governed by hyperbolic and parabolic
equations. We refer to [7], [8] for more recent development by Furskov and Imanuvilov.

In this paper we attempt to study the exact controllability problem by examining the limit
behavior of the corresponding optimal control problem. Using this method we obtained a new
condition on the exact controllability of the system. We believe that this condition is at least
comparible condition obtained in [18]. The paper is organized as follows. In §2, we state the
problem and some results concerning linear parabolic differential equations. In §3 we give a
constructive proof for the approximate controllability of the system using our method. Finally

in §4 we give a condition on the exact controllability of the system.




2 Statement of the Problem, Notation and Preliminaries

Let Q be a bounded domain in R3. For a fixed T, let @ = [0,T] x Q and ¥ = (0,T) x 952. On

the domain 2, let A be the second order elliptic differential operator

ay=— 3 (a2 + claly
, ox; “J 6£Ej ’

3,j=1
We will assume that ¢ > 0 on § and that the matrix (a; j(z)) is symmetric and positive definite.

Consider now the parabolic initial boundary value problem

%%—I—Ay = 0, in@,

%}% = u, onbx, (2.1)
y(0) = o, inQfort=0.

Here % = Z;Z-:l ai,jni(-éz—j) where n; is the ¢ — th component of the outward unit normal on
9. We say that the system is exactly controllable for a given state § if there exists u € L3(%)

such that the solution y of problem (2.1) also satisfies
y(T) ) = g
Define a cost functional
Jo(u) = = [ (w0 - 9(@)) do+ 5 [ u(t,) dodt
€ 2 Q K I, 2 E ? b
where y = y(t, z;u) satisfies (2.1). u¢(t,z) is said to be an optimal control if it satisfies
Je(ue) = inf  Je(u). (2.2)

ueL?(Q)

For a Banach space X, define
5 T
LO.TX) = {7 : 0.1 = X; [ 7(®)kdt < oo},
It is a Hilbert space with the norm
T 5 1
Iflz20m = ([ 1F@I%an?.
Let L?(Q) and L%(09) be the usual L? function spaces. We shall use the notation

(6,9) = [ ovda

2




and
<pw>= [ gy
o0
for the inner products and the associated norms will be denoted by || - || and | - |, respectively.
We also define

WO,T) = {f:f € FOTH'(@), L e 20,7 H @),

where % is taken in the sense of distributions on (0,T) with values in H'(Q2). W(0,T) is a

Hilbert space with the norm

N

I flweo.r) = (112207 ) + I|Z_£||%2(O,T;H—1(Q)) :
For p, ¢ > 0, let also
HPI(Q) = L*(0,T; HI()) N HP(0,T; L*()).
These spaces are described in [15], and their norms are defined by

1
I £l eac@) = 1320100 ()) + 1 F e 0,7 2¢00))) 2

The spaces HP9(Z) with associated norms || - || gr.a(s) are defined similarly by replacing 2 by &
above.

We recall that if ¢ > -é— and p = q—%, then there is a constant ¢ such that for any f € H”’g(Q),

and if ¢ > 1, g € H*3(X) and ¢ € [0, 7] then

W f @ rr-2(0) < llf ”H”'E(Q)

and
1915r-1(00) < llgll g s;)-
Define the bilinear form a: H(Q) x H}(Q) — R by
d
0¢p O
= ii(T)—— dz.

a(@,9) = [ (3 oule) 53y + el

Note that from the properties of the operator A we have that there exist constants ¢;, c2 > 0

such that
la(#,¥)| < edllgll1lllly

3




and

a(6,8) > co|| 4|l
for all ¢, v € HY(Q).

We now define the operators for weak solutions of elliptic boundary value problems. For

fe HY(Q), let Tf € H*(Q) denote the unique solution of the problem
a(Tf,¢) = (f,¢) for ¢ € H'().
T is a linear operator on H~1(Q2). Also since
(Tf,¢)=a(Tf,T¢)=(f,T9)
for any f, ¢ € L*(Q), T is self adjoint on L?(2). Next we introduce the eigenvalue problem

Ap =Ap, inQ,
Oy
ov

It is well known that this problem has a system of eigenfunctions {¢p; 521, forming a complete

=0, on 0.

orthonormal set in L?(Q), with eigenvalues 0 < A\; < Ap < --- < \j — 00 as j — oo. Note that
if we let v; = )\j_l, then
Té;=vid; j=1,2,...
W now consider the weak formulation of problem (2.1)
(%, ¢)+aly,¢) = <u,¢>, forpeH(Q)
y(0,-) = wo.
It is well known that if yo € L2(Q2) and u € L?(X) then (2.3) has a unique solution y in W(0,T),

(2.3)

and there is a constant C, independent of yo and u, such that

lyllw,ry < Clvll + llullz2cs))-

If u = 0, then the exact solution of (2.3) can be represented by
Z(” pj)e Ntp;(x)

The following lemma can be found in [21].

Lemma 2.1 Let ¢ € HP(Q) for —1 <p < 1. Then
oo
1
gl = (D (4, 95)*2P)?
i=1
is an equivalent norm in HP(S2).




3 Approximate Controllability

3.1 An operator representation of the terminal state. In the following lemma we state
the optimality system for the problem (2.2). It will play a central role in obtaining the main
results of this section and the next section. From now on, we suppress the explicit dependence

on z, e.g., we will use u(t) to mean u(t, ).

Lemma 3.1 ([12]) The optimality system of problem (2.1) is given by

Ope

& = 0 >
o o= (3.1)
Pe = Ye— Y inQfort="T, :
pe = —eue on 2 .
The weak formulation of the optimality system can be written as follows.
(%,¢) +ayed) = &<pu¢>, forgeH(Q),
—(%:,6) +a(p,¢) = 0, for¢e H(Q), (3.2)

y(0) = o,
Pe(T) = §—ye(T)-
To represent the terminal state y(7") by an operator, we consider, for a given z € L3(9),

the system
(&, 8) +a(y1,4) = <p,¢>, for¢peHY(Q),
—(%,¢) +a(p1,4) = 0, forpe H(Q),
v1(0) = 0,
n(T)
This system has a unique solution (y1(t),p1(t)) € W(0,T).

(3.3)

z.

Let E(t) denote the solution operator for the problem

ow
E-FAw =0 on @,
%"J = 0 on X,
w = z inQfort=0,
i.e.,
w(t) = E(t)z.




We now define an operator R: L%(Q) — L%(§2) by
Rz =y (T). (3.4)
Comparing (3.2) with (3.3), we have that
R(T) - 9) = ~E(T) +y(T) (35)

or
(e+ R)(Y(T) — 9) = e(§ — E(T)v) (3.6)
3.2. Properties of the operator R.

Lemma 3.2 R € L(L*(Q), H}(Q)). Therefore R is a compact operator in L*(Q).

Proof: Consider the mapping
z—pi(t,") = E(T —t)z.

We prove that this mapping is continuous from L?(Q) into H %’1(Q). By standard theory for
parabolic differential equations ([15]) this mapping is continuous from H'(f) into H L2(Q). If
z € H71(Q) then

[ ora = [ 3(eee
j=1

o0

= _Z 2 ¢] 2)\ __e—‘Z}\jT)
7=1

Cllz[l-1

N =

IA

Hence the mapping is continuous from H~1(f) into L?(Q). By interpolation ([1]) we have that
R is a continuous mapping from L?(Q) to H 21(Q (@). By (3.3), we have that 2 F2 |z = p1|s. Thus

|Rz[l1 = lly1(T)Il < Cllyillarzg) < Cllzll-

The proof is complete.
Lemma 3.3 R is symmetric and semi-definite.

Proof: For given z, zp € L?(Q), let (y,p), (yo,po) be the corresponding solutions of (3.3),
respectively. Then

d

(2£,p0) + aly,p0) =< Prp0 >,




d
%11’) + a(yo,p) =<po,pP >,

d
a(yaPO) = (y, ESva),

d
a(y0,p) = (Yo, EEp)'

We therefore have that

(y(5),p0(5) + () po(s)) = (aevols), () + (w0(6), F2(s)

or

2 (4ol () = 5 0(3), (o))

Integrating the above equality from 0 to T', noting that y(0) = y0(0) = 0, we have that

Td
WT)po(T)) = | 7;(v(s)pols))ds

= / 25 (o(s)p(s))ds

= (y(T),p(T))

or

(Rz, 2zp) = (R, 2).
Thus R is self-adjoint. We also have that
d
2 — ——
pl* = (59.p) +aly,p)
d
= (v + @, —p)
d
Integrating the above equality, we have that
T
(Rz,2) = / |p|2ds > 0.
0
So R is semi-definite. The proof is complete.
Lemma 3.4 Assume that T is analytic. Then KerR = 0.

Proof: Under the given assumption we know that p is analytic in @ and on X. Assume that

Rz = 0. Then from the proof of Lemma 3.3 we have that
T
0= (Rz,2) = / Ip|*ds.
0

7




Thus p = 0 on ¥. Hence the data corresponding to the Cauchy problem is zero on ¥ which
implies according to the Cauchy-Kowaleska theorem (since p is analytic) that p = 0 on Q. In

particular z = p(T) = 0. The proof is complete.

3.3 Approximate Controllability

Theorem 3.5 Let § € L%(Q) and (ye,ue) = (ye(t),ue(t)) be the solution of the optimality
stystem . Then
lim [|ye(T) — 9l L2y = 0.

Proof: By Lemma 3.2, Lemma 3.3 and Lemma 3.4, and the Gilbert-Schmidt theorem, the
operator R has a system of eigenfunctions {ej}‘]?’;l with eigenvalues A\ > g > --- > A; — 0 as

j — o00. Moreover, {e;}32, forms an orthonormal basis in L%(). For § € L3(Q) let
o0
§—E(Tv=>_yje;
=1

Then
o0
R(j — E(T)v) = >_ Myje;.
j=1

Using (3.6) we have that
o0
. €yje;
ye(T) — i = 2 Yj .7..

Thus

x>
o112 _ Iy
Nye(T) = 9llz2) = > €+ \;)2

For any given 6 > 0, there exists N such that

> u<l
E .
j=N+1 2

For this fixed N there exists 8 > 0 such that




for 0 < € < 8. Thus
lye(T) = illZ2(q) < &

for 0 < € < B. The proof is complete.
Definition System (2.1) is said to be approximately controllable if, for any given § and
§ > 0, there exists a control u(t) and a function y(t) such that (y(t),u(t)) is a solution of (2.1)

and
ly(T) -9l <.
The following theorem is an immediate consequence of Theorem 3.5.

Theorem 3.6 System (2.1) is approzimately controllable.

Remark Approximate controllability is well known for linear parabolic differential equations.

Our proof is different in that it is a constructive proof.

4 A Condition for Exact Controllability

In this section we give a condition on ¢ for the exact controllability of system (2.1). The main

tool is the operator R introduced in §2.2.

Theorem 4.1 Let R be the operator defined in §2.2 and ({€;}32,,{)j}321) be the eigensystem
of R. Assume that R™! is the inverse of operator R. If

§— E(T)yo € D(R™")
then system (2.1) is exactly controllable.

Proof: Assume that

o0
§—E(T)v=>_yje;.
7j=1

Then
3 '. < oo. (4.1)

oo
Y

By the proof of Theorem 2.6 we have that

hwl'ﬂw

oo 2,2
Cyj

(T) = 32y = Y s
l<(T) = 9llz2(0) j_z_;(€+)\j)z




Hence

D) = Gl = (X oy

IA
BLEES
M il
|
-
IA
Q
o

Let {€x}$2, be a sequence such that ¢ — 0 as k — oco. From the optimality system (3.1) and

the proof of Lemma 2.3 we have that

IN

lyenDllmzey < Clluellyy g g, + loolline)

Pe
= O 4.4 ) + w0l @)

€k
DPe
< C(IIG—:HH%J(Q) + llyoll a1 (@)
T)-9
< OB D=L )+ ol o)

< Cillyollaie) + Co-
Thus there exists a subsequence of {€}, still denoted as {ex}, and y € HH%(Q) such that
lim y,, =y weakly in H2(Q).
k—o00

Using the trace theorem ([1]) and the compact embedding theorem ([1]) in Sobolev spaces we

also have that there exists u € L%(Z) such that
lim ue, =u in L3(Z).
k—oo0

Also by the trace theorem ([1]) we have that y(T') = § and y(0) = yo. We now prove that (y,u)
is a solution of (2.1). Since (ye, (t), ue, (t)) is a solution of (2.2)

(dZ;k , ¢) + a(yek,¢) =< Ug,, ¢ >, for ¢ € HI(Q)

Passing to the limit in the above equality we obtain
dy 1
D6 +a(y,9) =<u,¢>, for g € HI(Q).

Thus (y,u) € H2(Q) x L*(X) is a solution of (2.1). This proves that u is an exact control. The
proof is complete.

Remark 4.1 From the proof of Theorem 4.1 we see that if (4.1) holds, then
lye(T) = Gllr2(0) < Ce.

10




It is easy to show that (4.1) is actually a necessary condition for the above inequality to hold.

In fact, assume that the above inequality holds. Then by the proof of Theorem 2.8 we have that

o0

112
ly(e, T) — llL2(q) = Z €+/\ )2 <Cé.

Thus

Z(e—i—)\

Letting € — 0, we obtain (4.1).
Remark 4.2. In [18], Russell gave a condition on exact controllability of system (2.1) using

the harmonic analysis method. The condition is
§— E(T)v € VA

where C > 0 is a constant and A is the elliptic operator that appears in (2.1). For d = 1, this
condition implies that § — E(T)v is at least a C* function. At this moment it is not clear if our

condition is weaker. However, if the control is distribution we can show that

D(R™Y) = D(A) = H*(Q)

which is much weaker than D(eC\/ZA)).
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